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Abstract 
We make two remarks on a paper of Sole (this issue). First, we improve his lower bound on 
the expanding factor of the n-dimensional hypercube. Second, we point out how to improve his 
result on edge forwarding indices of graphs of genus g. 
1. Vertex expanding factor of the hypercube 
Vertex expanding factor is defined in the following way. Let G = (I/, E) be a connec- 
ted graph and X be a subset of I/. The vertex boundary of X is defined by 
N(X) = {y: y E I/ - X, there exists x E X, s.t. xy E E}. 
Denote X = I/ - X - N(X). Then the vertex expanding factor of the graph G is 
defined as 
Sole [4] proposed an open problem to determine y(Q,,) for the n-dimensional 
hypercube. He showed the following bounds: 
y(Q.) = O(,k”)-’ and y(Qn) = n(n2”))‘. 
The first aim of this note is to prove that the upper bound is optimal up to a constant 
factor. 
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Sole [4] mentioned another expanding coefficient of interest, the so-called magnifi- 
cation constant of a graph G. It is defined as 
The following lemma reduces the problem of deriving of the lower bound for the 
vertex expanding factor to the problem of the lower bound for the magnification 
constant. 
Lemma 1.1. For every graph G = (V, E) it holds 
Proof. First, we show that for every X, X c V, 1 < 1x1 < IV1 - 1, it holds 
N(x) E N(X). Let v E N(X). Clearly, o $;i?. There exists u ET s.t. uu E E. Suppose that 
u&N(X). Then VEX. This implies UE N(X). But N(X)n% = 8, a contradiction. 
Second, we prove that the minimum in (1) is attained for some X*, satisfying 
1 < 1X*( < lVl/2. Let X c I/, [VI/2 < (Xl < 11/l - 1,1x1 3 1, then 
IN(X) I INWI IN( IN@)1 
I~(~XI=I~-X-N(X)IIXI~IV-X-N(T~)~~~~~I~~’ 
Setting X* = x we get the claim. Note that 17 3 1. 
Finally, suppose that X c V, 1 < 1x1 < (V l/2. Then 
IN’?1 ~ IWOI 
JXlJXl IXIIVI’ 
which proves the lemma. 0 
Lemma 1.2. For every integers k, n, 0 < k i n/2 - 1, it holds 
Proof. It is straightforward by induction on k. 0 
Let X c V(Qn), 1 X 1 = p. Suppose 
” 
= 0 1 <PQi 1. i=r+l 1 i=r 0 
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Lemma 1.3 (Frank1 and Fiiredy [23). Every integer p, 1 < p d 2” - 1, has a unique 
representation in the form 
p= i n 0 i + P’, O<p’< n i=r+ 1 0 I ’ 
p’=i p;, 
0 
1 <S<pj<pj+l < “’ <PI. 
j=s J 
Then 
min {IN(X)/) = 
X,IXI = P (Y)-p'+$s(j~l) 
Theorem 1.1. The vertex expanding factor of the n-dimensional hypercube satisJes 
Proof. Suppose that n is even, for n odd the proof is similar. According to Lemma 1.1, 
it is sufficient to prove a lower bound for m(G). Clearly, 
m(QJ = min . 
1 <p<2”_’ x 
IXI=p 
Due to Lemma 1.3 we have 
m(Q,) = min 
@) - p’ + Ci=s( jpil) 
1 <p<2”-’ P 
Consider two cases: 
Case 1: Let C:=.,2+ 1(1) < p < 2”-‘. Then r = n/2 and 
n 
p’ < 2”-1 - 
n c 0 i=n/2+1 1 =2n-l-;(2q;2))4(;2). 
Hence 
min (:)-P’+Cli=~(j~l). 
P i P . c 0 
” n <pd2”_l >&a 1 
i=n/Z+l 1 I 2” J‘ 
Case 2: Let p < CF=fi,2+ 1 (7). It is known Cl] that 
(2) 
(3) 
pr G (:) ’ Pj 
I( > (Pfl)j=, j - 1 ’ 
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As r > n/2, it implies (z) < (,.!1) and we have 
p’ < i: ? ( > j=s J- l ’ 
Hence 
Using Lemma 1.2 it is easy to see that the function 
63 
F,(k) = 7 
Ci=O(l) 
is nonincreasing for 0 < k < n/2 - 1. Hence 
F”((n,” I>> > (nlz”-l) = 2(n/:-J 2 4. 
c y’=‘,- 1(1) 2” - (&) (4) 
Combining (3) and (4) we get 
m(Qn) 2 - A. I3 
2. Edge forwarding factors of graphs of genus g 
Now we show how to improve a result of [4] concerning the edge forwarding index 
of graphs of genus g. The edge forwarding index of a graph G = (V, E) is defined in the 
following way [3]. A routing R of the graph G = (V, E) is a set of 1 V 1 (IV 1 - 1) paths 
connecting each ordered pair of distinct vertices of G. The load of an edge e E E in R is 
the number of paths R(e) of R passing through it. The edge forwarding index of G is 
defined as 
n(G) = min max{R(e)}. 
R CSE 
Sole proved that if G is an n-vertex graph of genus g and maximum degree A then 
x(G) 2 
n312fi - 6n(g + 2) 
6A(g+2) ’ 
for n > 18(g + 2)2. We improve this by the following theorem. 
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Theorem 2.1. For any n-vertex graph G of genus g, maximum degree A, it holds 
n(G) b 
n3/2 
15J3do’ 
and the bound is the best possible up to a constant factor. 
Proof. It is the same as in [4] but we use a better upper bound for the isoperimetric 
number of G, i.e. i(G) < 15Jm from [6]. The bound cannot be improved in 
general. This is confirmed e.g. by graphs C, x C, and K,,,. 
If G = C, x C, then n = p2, A = 4, g = 1 and x(C, x C,) d p3/4, see [5]. 
If G = K,, P then n = 2p, A = p, g = r (p - 2)2/4 1 and x(K,, P) < 6, see [5]. 0 
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